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PG Odd Semester (CBCS) Exam., December—2016

MATHEMATICS
( 3rd Semester )
Course No. : MTMCC-301

( Real Analysis—II )
()

Full Marks : 70
Pass Marks : 28

Time : 3 hours 2. (q)

The figures in the margin indicate full marks
for the questions

Answer one question from each Unit
UNIT—1 (b)

1. (@) Let ¢#AcR™ be such that every

continuous function f:A—-R is
bounded. Show that, A must be a
compact subset of R". 5
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(2)

Let f:R? 5R3 be differentiable at
(0, 0). If

111’1’1 f(r7 r) _f(o7 0) :(2’ _ 1, 1)
r—0 r
and lLm 2" "N=F0O0_ g4y
r—0 r
then find, m%f Br, 2r) - 70,0 4
r— r

Find the 3rd order Taylor polynomial of
f(x, y)=e*cosy about (0, 0). 5

If f:QcR™ - R™ be differentiable at

ae Q show that, f must be continuous
at a. Show further that, the directional
derivatives of f exist at a along every
direction0 #ue R"™ and f, (@ =Df @w). 5

Let f:R - R be continuous. Define
F:R? SR by
Flx y)=[7flodt, V(x yeR?

Show that, Fis differentiable on R? and
find VF (x, y) at any (x, y)e R2. 4
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Let

x? tan_l(y) —y2 tan_l(x) if (x, y =0, 0)
y

(6 Y =0 0)

x
0 if
Examine the equality of

fxy 0, 0) = fyx 6, 0)
Are the conditions of Young’s theorem
satisfied by f ?

UNIT—2

Let B be the closed unit ball in R™ and
f B — B is continuous on B and is
differentiable in B°. If f vanishes on the
boundary of B, show that, there exist
Xg € BY such that Df(xq) =0.

Find the R?
f:R%? 5R2

points in where
f(x y) =(cosx+cosy, sin x +siny)

is locally invertible.

Find a set of sufficient conditions on the

function f : R? — R which allows you to

solve the equation F (F (x, y), y) =0 for y
as a function of x near (0, 0).
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Find the distance between the ellipse
x? +2y? =1 and the line x+y =4 using

Lagrange’s multiplier method.

State inverse function theorem. Show
that, if Q c R™ is open and if f: Q — R"
is such that f € C’(Q) and det [Df (x)] #0
for any xe Q, then f must be an open
mapping. Is f necessarily a closed
mapping? Justify your answer.

Show that in a neighbourhood of any
(X0> Yo» Ugs Vo)€ R* which satisfy the

equations x—-e%cosv=0 and
v-eYsinx=0, there exist unique
solution of the form (u, v)=0(x, y)
satisfying

det [0’ (x )] =§

UNIT—3

Show that, every countable subset of R
is Lebesgue measurable.

Show that, if E is a set having positive
Lebesgue outer measure, then E must
have a bounded subset whose outer
measure is positive.
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6. (a)
(b)

(c)

(d)
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(5)

Let E; and E, are measurable subsets
of R. Show that,

m(E{VEy)+m(E; N"E,;)=m(E;)+m(E,) 3

Define f:[0, 2) > R by

x , if 0<x<1
3—-x, if 1<x<2

ﬂﬂ={

Find m" (A) where A = f! (196, i)

Show that, the collection of all Lebesgue
measurable sets of R form an algebra of
sets. 4

Show that, for any bounded set E, there
exist a Gg-set G such that Ec G and
m* (G) = m" (E). 4

Show that, continuity of measure
together with finite additivity of measure
implies countable additivity. 3

Does there exist a non-empty open
set whose measure is 0? Also give an
example of a non-empty closed set
whose measure is O. 2+1=3
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UNIT—4

If f: E — Ris measurable and f = g a.e.
on E show that, g:E —-R is also
measurable. 3

Let (f,) be a sequence of measurable
function on E such that f,, — f a.e.
on E. Show that f must be Lebesgue
measurable. 4

State and prove Bounded Convergence
theorem. S

If ¢ is simple function on E and ACE,
show that

fo=[o %4 5
A E

Let fand g are measurable functions on
E and F : R?2 - R be continuous. Show

that, h: E — R defined by
h)=F(f(x), glx)) VxeE

is measurable. Deduce that f + g and fg
are measurable. 4+2=06

If ¢ and y are simple function over a
measurable set E of finite measure,
show that

f¢+w=j¢+£w 4

E E
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Let fbe a bounded measurable function
on a set of finite measure E. Show that,
f must be Lebesgue integrable over E.

UNIT—5

Let f be a non-negative measurable
function on a measurable set E. Show
that _[sz iff f =0 a.e. on E.

E

State and prove Lebesgue Dominated
Convergence theorem.

For each x€[0, 1], define

x2 if x=2in for some ne N

fl=1x> if x=-L1 forsome nelN
3
x* otherwise

Find j f.
[0, 1]

State Monotone Convergence theorem.
Use it to show that, if (f,, ) is a sequence
of non-negative measurable function on
E, then

j lim inf f,, <lim inf I fa 143=4
n
E E

n
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n=1
Show that
Y [fa=]r
n=1E E
* & ok
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(8)

Let f: E — R be a measurable function
such that |f| is Lebesgue integrable
over E. Show that, f must be Lebesgue
integrable over E. Is the result remain in

case of Riemann integral? Justify. 3+2=5

Let fbe integrable over E and {E, } be a
disjoint sequence of measurable subsets
of E such that



