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X

(c) Let A= {x + 1 DX > 0}. Show  that
MATHEMATICS sup (4) = = and inf (4) =2. 4

( 1st Semester )
2. (@) Let X be a set and Ac X. The

Course No. : MTM-102 (C) characteristic function of the set A is
( Real Analysis ) defined by
|1, if xeA
Full Marks : 75 xal9:= 0, otherwise

Pass Marks : 30
) Consider the set 2% of all functions
Time : 3 hours from X to {0, 1}. Define the function

The figures in the margin indicate full marks x: 7 (X)— 2% by Xx(A):=%a

for the questions Show that % is a one-to-one

Answer five questions, taking one from each Unit correspondence. S
UNIT—I (b) Let X andY be sets and let f: X — Y be
a function. Let Ac X and BcY. Prove
1. (a) Let X be a non-empty set. Prove that the that—
following are equivalent : 6 (i) f(f_l(B)) cB and that equality
(i) X is countable holds if f is onto. Show by an

example that the inclusion is

(ii) There is a surjection f:N — X
proper in general;

(iii) There is an injection g: X - N

(@ Ac fl(f(4)) and that the equality
holds if f is one-to-one. Show by an
example that the inclusion is
proper in general. 5

(b) Show that a set S is finite if and only if
each non-empty subset of & (S) partially
ordered by set inclusion has a minimal
element. 5
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If A, BC|[O, =), prove that
sup (AB) =sup (4) sup (B)
Further if inf (A) >0, prove that
sup(l/A)=1/inf (4)
(Notation : AB:={ab:aec A, be B})

UNIT—II

Show that if x is a limit point of Sc R,
then for each €>0, the intersection
(x—¢, x+¢€)n S is infinite.

Show that every convergent sequence in
R is bounded. Show with an example
that a bounded sequence in R need not
be convergent.

Prove that every bounded sequence
of real numbers has a convergent
subsequence.

Given any real sequence (x,), prove
that liminf (x,)<limsup(x,) and
lim inf (x, ) =& =lim sup (x, ) if and only

Prove that the p-series L is
—in?
n=1
convergent for p>1 and divergent for
ps<l

5
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(4)

Prove that x is a limit point of a subset S
of R if and only if there is a sequence

(sp)._, in S which is not ultimately

constant such that lim s, = x.

UNIT—III

Show that the function

is continuous at each xe€ Q° (0, 1) and

discontinuous at each xe Qn (0, 1).

Show that the function f(x)=+x is

uniformly continuous on [0, ).

Let f:I— R be a continuous function,
where I is an interval in R. If K c I is
compact, prove that f(K) is also
compact.

Let f:I— R be a continuous function,
where I is an interval in R. Given a, be I
with a < b and any number y, between
fl@ and f(b), prove that there is a
number x, € [a, b] such that y, = f(x).
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Further show that for the function

sinl, if x=#0
flx):= o
0, if x=0

if a, be R with a<b and y, is a real
number between f(a) and f(b), then
there is x € [a, b] with y, = f(xg) but f
is not continuous. 5+5=10

Show that the polynomial
2 n

p(x)—1+x+x—+ + X
12 7 Ln
has a unique real root if n is odd and no
real roots if n is even. S

UNIT—IV

Let f:R - R be uniformly continuous
function and define

fhmy=f(x+ijVneN

and xe€ R. Show that the sequence of
functions (f,,) converges uniformly to f
on R. 5

If Y a,x" has radius of convergence
n=1

r =1, find the radii of convergence of the

series Z(an)an and Zanx2n.
n=1 n=1 4
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Prove that the sequence of functions
(fn) ~where f,(0=x", xe€l0,]1],
converges pointwise on [0, 1] to the limit
function

0, 0<x«l1

f(x)={1, s

but the convergence is not uniform. 6

Show by an example with a brief
justification that a uniform limit of a
sequence of differentiable functions may
not by differentiable. )

Show that ((sin nx) /(1 +nx)) converges
uniformly on [a, «) for any a >0 but not

for a=0. 5

Show that the power series

{ 1 if nisodd
a, = . .
n if niseven

has radius of convergence p =1, and

.a )
that lim —**l does not exist.
n—ee Qp 5
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UNIT—V

9. (a) () Give examples with a  Dbrief
justification that the sum and
product of two monotonic functions
need not be monotonic.

(ii) If f and g are functions of bounded
variations on [a, b], prove that f+g
and fg are of bounded variations.

3+6=9
(b) Prove that a monotonic function
f:I—> R, where Iis an interval in R, has
only jump discontinuities (i.e., discon-
tinuities of the first kind). Further
show that the set D={xel:f is

discontinuous at x} is countable. 6

10. (o) If f is a function continuous on |a, b]
with a bounded derivative on (a, b),
prove that f is of bounded variation. S

(b) Prove that every monotonic function on
[a, b] is of bounded variation. S

(c) Show that the function

L xsin(ix), if xe (0, ]]
f(x)'_{ 0 , if x=0

is continuous on [0, 1] but not of
bounded variation. 5
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