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PG Odd Semester (CBCS) Exam., December—2016

MATHEMATICS
( 3rd Semester )
Course No. : MTM-301 (C)

( Real Analysis—II )

Full Marks : 75
Pass Marks : 30

Time : 3 hours

The figures in the margin indicate full marks
for the questions

Answer five questions, selecting one from each Unit

UNIT—I

1. (a) LetQ be anon-empty open subset of R"
and let f:Q—R. Show that if f is
differentiable at X,€Q, then for each
v(#0)e R™, the directional derivative

fo(X,) exists and
fo (Xo) = f'(Xo) ) S

(b) Check the differentiability of the
function f:R? — R?3 defined by

f(x, y)=(xy, x*+y°®) at (0, 0) 5
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(2)

(c) For the function f:R? — R defined b
y

xy(x? -y?) .
fluy =12, w00
0 if (x, y)=(0, 0)
show that f,, (0, 0)# f,.(0, O). 5

2. (@) Show that the function f:R? >R

defined by
2
xy .
_|—=— if (x, y) #(0,0)
0 if (x, y)=(0,0)
is not differentiable at (0, O) although
fo(0, 0) exists for each

v=(a b)(#(0, 0))e R? 5

(b) Prove or disprove : If f:R"™ =R is
differentiable at X, € R™, then all the
partial derivatives of f are continuous

at X,. 5

(c) Show that the function f:R? R

defined by
2 _ 2
x“ -y .
xy——=— if (x,y)#(0,0
Floy) =13 T (%, y) #(0, 0)
0 if (x, y)=(0, 0)
is differentiable at (0, O). )
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(3)

UNIT—II

Show that the function f:R® >R
defined by

f(x y 2)=(x+y+2)° -3(x+y+2z)-24xyz

3. (q)
(b)

(c)

4. (a)
(b)
J7/616

for all (x, y, z)e R3
has a local minimum at (1, 1, 1) and
a local maximum at (-1, -1, —1).
Find the shortest distance from the
origin to the hyperbola

x? +8xy+7y? =225, z=0

Let f:R? 5R be continuously
differentiable and also let f(xg, yg) =0,

and suppose that gf(xo, Ypo) #0. Show
y

that there is an open interval
(Yo -9, yp+98) and a continuous
function

g:(Yo -9, yo +9) >R
such that g(xg) =yo and f(x, g(x))=0.

Determine the critical points and the
local maxima and minima of the
function f(x, y)=x° -3axy+y° for all
values of a.

State and prove inverse function
theorem for a function f:R™ — R"™.

1+9=10
( Turn Over )

(b)

(c)

(b)

(c)
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UNIT—III
Show that every continuous function

f:10, 1] - R is Riemann integrable. )

Let A be a countably infinite subset
of R. Show that A is Lebesgue
measurable. )

Show that there exists a subset
Nc (0, 1) such that, N is not a
Lebesgue measurable set. S

Show that the function f:[0, 1]—>R
defined by

x if xe Qn[o0, 1]

f(x):{o if xe (R~Q)A[0, 1]

is not Riemann integrable. )

Evaluate the limit

sl (-2)002) 3]

with the help of Riemann’s definition
of integration. S

Let G be a non-empty open subset of R.
Show that m" (G) > 0. Is the above true

for any non-empty closed subset of R?
Justify. 3+2=5
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(5) (6)

UNIT—IV (c) For each xe€]0, 1], let

7. (a) Show that a function f:R —>R is

1+x if x=—> for some ne N
Lebesgue measurable iff for every Borel 5"

subset B of R, f71(B) is a Lebesgue 22 ifxzin for some ne N
measurable set. 5 fx)= 7
5x% if x= —ln for some ne N
11
h h
(b)  Show that x*  if otherwise

4 ={AcR :A is countable or R~A is countable } .
evaluate the Lebesgue integral J. f dm. 4

is a c-algebra of subsets of R. 5 [0,1]

(d) Prove or disprove : 3
(c) Show that every Riemann integrable )
function f:[a, b] >R is Lebesgue f£:10, 1] > R defined by
integrable. 5 Flg= 1 if xe QnJo0, 1]
0 if xe (R~Q)nJo0, 1]

is Lebesgue integrable.
8. (a) Show that the function f:R —R

defined by
1 UNIT—V
= if xe R~{0}
flx) =1 x 9. (a) State and prove Lebesgue’s monotone
1 ifx=0 convergence theorem. 1+6=7
is Lebesgue measurable. 3
(b) Using monotone convergence theorem,
(b) Show that the Borel c-algebra .% (R) is evaluate
generated by the class %dx 4
{[a, b):a, be Q, a<b} 5 (1, +o0) X
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10. (a)

(b)
()

(7))

Using dominated convergence theorem,
evaluate

lnx/}

2x2

lim

dx 4
n-«014n

State and prove Lebesgue’s dominated
convergence theorem. 1+6=7

State and prove Fatou’s lemma. 1+4=5

Evaluate the Lebesgue integral
[ dm

(0, +)

where

x| ?,‘,_.

if 0<x<1

fl=

if x>1
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