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MATHEMATICS
4th Semester

Course No. : MAT - 651

( Advanced Analysis )

Full Marks : 70

Pass Marks : 28

Time : 3 hours

The figures in the margin indicate full marks for the questions

(Answer one question from each unit)

Unit - I

1. (a) Let  f: ℝ

൜
𝑥

2  ℝ

൜
𝑥

 be defined by

𝑓(𝑥, 𝑦) = ቐ 

𝑥𝛼  𝑦𝛽

𝑥2 + 𝑥𝑦 + 𝑦2 𝑤ℎ𝑒𝑛 (𝑥, 𝑦) ≠ (0, 0)

0 𝑤ℎ𝑒𝑛 (𝑥, 𝑦) = (0, 0)

  

show that f is continuous in  ℝ

൜
𝑥

2 iff  + >2 5

(b) Give example, with justification of a function
f:ℝ

൜
𝑥

2ℝ

൜
𝑥

 which has same directional derivative at
(0, 0) along every direction but is discontinuous
at (0, 0). 4

(c) Let  be any open subset of ℝ

൜
𝑥

n. If f :ℝ

൜
𝑥

m is
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( 6 )

(b) State and prove Vitali convergence theorem.
1+4=5

(c) Let <fn> be a sequence of Lebesgue measurable
functions from ℝ

൜
𝑥

 to ℝ

൜
𝑥

 such that fn  f  in measure,
for some measurable function f : ℝ

൜
𝑥

ℝ

൜
𝑥

  show that
there exists a subsequence <fn

k
>  of  <fn> such

that pointwise a.e. in ℝ

൜
𝑥

. 5

10. (a) Let <fn> be a sequence of non-negative integrable
function on a measurable set  ℝ

൜
𝑥

. Suppose

fn 0 pointwise a.e. on E. Show that  lim 
𝑛→∞

න 𝑓 𝑑𝑚 = 0

 

𝐸  

iff <fn> is uniformly integrable and tight over E.
6

(b) Let f : ℝ

൜
𝑥

 [ -  +  ] be integrable and

ቮන 𝑓 𝑑𝑚

 

𝑅  

ቮ =   න|𝑓| 𝑑𝑚

 

𝑅  

 .  Show that f  0 a.e. on ℝ

൜
𝑥

 or

f  0 a.e. on ℝ

൜
𝑥

5

(c) Consider  f
n
 : ℝ

൜
𝑥

ℝ

൜
𝑥

  , f
n
i : 

[n + ]
 n  1. Show that

<fn> does not converge to the zero function in
measure. 3



2025/SEM/EVEN/08/23/MTM–651/132



differentiable at a, show that the derivative of
f at a is uniquely determined. 5

2. (a) If is open in ℝ

൜
𝑥

n and if f :ℝ

൜
𝑥

m is differentiable
at a, show that f is continuous at a. Is the
converse true? Justify your answer. 2+2=4

(b) Let f :ℝ

൜
𝑥

nℝ

൜
𝑥

 be differentiable at aℝ

൜
𝑥

nand let uℝ

൜
𝑥

n

be any non-zero vector show that 5
D f (a) (u) = ∇  f (a). u

(c) Let f :ℝ

൜
𝑥

nℝ

൜
𝑥

 be defined f(x) = ||x||2   xℝ

൜
𝑥

n

show that f is differentiable in ℝ

൜
𝑥

n. 5

Unit - II

3. (a) Let f : ℝ

൜
𝑥

nℝ

൜
𝑥

m be differentiabl at a where 
is open in ℝ

൜
𝑥

n. Let f = ( f
1
 , f

2
, .... f

m 
) where f

i
 : ℝ

൜
𝑥

nℝ

൜
𝑥for each i, 1  i  m. Show that 

𝜕𝑓𝑖
 

𝜕𝑥𝑗
  exists for each

1  i  m and 1  j  n at Q. Also find the matrix
representation of the derivative map Df (a). 5

(b) Let f : ℝ

൜
𝑥

2ℝ

൜
𝑥

 be differentiable and let g(x)=f (x,

f (x,x)) for each xℝ

൜
𝑥

. If  f (1, 1) = 1, f
x 
(1, 1) = 2

and f
y
 (1, 1) = 3, then find g’(1) 4

(c) State inverse function theorem. Determine all
points in ℝ

൜
𝑥

2where the function , f : ℝ

൜
𝑥

2ℝ

൜
𝑥

, f(x, y):
= (x + y, x2 + y) is locally invertible. 2+3=5

( 2 ) ( 5 )

(c) Consider a sequence <f
n
> , f

n
 : 

[n, n+1]
    1. Find

the pointwise limit f : ℝ

൜
𝑥

ℝ

൜
𝑥

 of the sequence <f
n
>.

Show further that 2+2=4

lim
𝑛→∞

න 𝑓𝑛  𝑑𝑚

ℝ

≠  න ቀlim 
𝑛→∞

𝑓𝑛  ቁ 𝑑𝑚

ℝ

 

8. (a) State and prove Lebesgue monotone convergence
theorem. 1+5=6

(b) Let E be a non-empty Lebesgue measurable
subset of ℝ

൜
𝑥

 having finite Lebesgue measure. Let
<f

n
> be a uniformly bounded sequence of

Lebesgue measurable functions on E. If

lim  
𝑛→∞

 𝑓𝑛 (𝑥) =  𝑓(𝑥) for almost all x  for some

Lebesgue measurable function f on E, show that
5

lim 
𝑛→∞

න 𝑓 𝑑𝑚

𝐸  

=  න  

𝐸

𝑓 𝑑𝑚 < +∞ 

(c) Using Lebesgue dominated convergence
theorem, evaluate 3

lim 
𝑛→∞

න
𝑥2𝑛

1 + 𝑥2𝑛
 𝑑𝑥

2

−2  

Unit - V

9. (a) Let f : ℝ

൜
𝑥

 [ -  +  ] be Lebesgue integrable and
let E

n
 : { x ℝ

൜
𝑥

 : f (x)  n } for all nℕ . Show that

 lim 
𝑛→∞

൫𝑛, 𝑚 (𝐸𝑛 )൯ = 0 4
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then find m*(A) where

𝐴 = ൜  𝑥 𝜖 [0, 2] ;   𝑓(𝑥) 𝜖 ൬
9

10
,   

5

4
൰ൠ 

(c) Show that f : ℝ

൜
𝑥

ℝ

൜
𝑥

 is Lebesgue measurable iff f-1

(B) is Lebesgue measurable for each Borel Subset
of ℝ

൜
𝑥

. 5

6. (a) Give an example, with justification, of an
unbounded subset A of ℝ

൜
𝑥

 such that m*(A) = 4
3

(b) Let <d
n
> be a sequence of pairwise disjoint

measurable subsets of ℝ

൜
𝑥

. Show that 5

ṃ4 ൭   ራ  𝐸𝑛

∞

𝑟=1

൱ =  ෍ 𝑚4(𝐸𝑛 )

∞

𝑛=1

 

(c) Define a Lebesgue measurable function. Show
that if f : ℝ

൜
𝑥

ℝ

൜
𝑥

  is continuous, then f is Lebesgue
measurable. Is the converse true? Justify.

1+2+3=6

Unit - IV

7. (a) Define f : ℝ

൜
𝑥

[0 + ] be a bounded Lebesgue
measurable function. Show that there exists an
increasing sequence <

n
> of non-negative simple

measurable funcions on ℝ

൜
𝑥

 such that 
n
f

uniformly in ℝ

൜
𝑥

. 6
4

(b) State and prove Fatou’s lemma. 1+3=4

( 4 ) ( 3 )

4. (a) State and prove chain rule of differentiation in
multivariable calculus. 1+5=6

(b) Consider  defined by 2+2=4

𝑓(𝑥, 𝑦): =

⎩
⎪
⎨

⎪
⎧

 

(𝑥2 + 𝑦2) sin ቆ
1

ඥ𝑥2 + 𝑦2
ቇ 𝑤ℎ𝑒𝑛    (𝑥, 𝑦) ≠ (0, 0)

  
0  𝑤ℎ𝑒𝑛   (𝑥, 𝑦) = (0, 0)

  

Examine if f is differentiable at (, 0). Is f
x

continuous at (0, 0)? Justify your answer.

(c) Show that there are points ( x
0
, y

0
, u

0
, v) in ℝ

൜
𝑥

4

which satisfy the equation
x - eu cos v = 0 ;  v - ey sin x = 0

Around any such point, show that there exists a
unique solution (u, v) =  (x, y) satisfying

𝑑𝑒𝑡  [ Dφ (𝑥, 𝑦)] =
𝜃 

𝑥 
 4

Unit - III

5. (a) Show that B (ℝ

൜
𝑥

), the Borel -algebra on ℝ

൜
𝑥

 is
generated by the class of all closed subsets of ℝ

൜
𝑥

.
5

(b) If  g : [0, 2] ℝ

൜
𝑥

 is defined by 4

𝑔(𝑥) = ൞ 

𝑥2  𝑖𝑓 0 ≤  𝑥 ≤  1

3 − 𝑥 𝑖𝑓  1 <  𝑥 <  2
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