(b)

()

10. (a)

(b)

(6)

State and prove Vitali convergence theorem.
1+4=5

Let <fn> be a sequence of Lebesgue measurable
functions from R to R such that fn — f in measure,
for some measurable function f: R—>R show that
there exists a subsequence <fn,> of <fn> such
that pointwise a.e. in R. S

Let <fn> be a sequence of non-negative integrable
function on a measurable set ¢ # E c R. Suppose

fn—0pointwise a.e. on E. Show that lim | fdm=0

E
iff <fn> is uniformly integrable and tight over E.
6

Let f: R— [-oc +oc ] be integrable and

jfdm = j|f|dm. Show that f> 0 a.e. on R or
R R

f<0ae onR 5

Consider f :R-R , fii:y,., Vn=1. Show that
<fn> does not converge to the zero function in
measure. 3

* k k
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Unit - [

1. (a) Let f: R? > R be defined by

x® yf
fxy) =4 x*+xy+y*> when (x,y)# (0,0)
0 when (x,y) = (0,0)

show that fis continuous in R?iffa + f>2 5

(b) Give example, with justification of a function
fR?°>R which has same directional derivative at
(O, 0) along every direction but is discontinuous
at (0, 0). 4

(c) Let Q be any open subset of R If f: Q—>R™ is

( Turn Over )



()

(b)

()

(b)

()

(2)

differentiable at aeQ), show that the derivative of
f at a is uniquely determined. 5

If Qis open in R* and if f: Q—>R™ is differentiable
at aeQ, show that f is continuous at a. Is the
converse true? Justify your answer. 2+2=4

Let f: R">R be differentiable at acR" and let ueR®
be any non-zero vector show that 5

Dflg(W=vSf(a u

Let f: R™>R be defined fl{x) = | | x| |? V xeR"

show that f is differentiable in R®. 5
Unit - II

Let f: Q c R°>R™ be differentiabl at acQ where Q

is open in R". Let f=(f,, f,, .... f,,) where f,: R">R

f;
for each i, 1 < i< m. Show that E exists for each
j

l1<i<mand 1 <j< nat Q. Also find the matrix
representation of the derivative map Df (@). 5

Let f: R>>R be differentiable and let g(x)=f (x,

f (%) for each xeR. If f(1,1) =1, f.(1, 1) =2
and f (1, 1) = 3, then find g'(1) 4

State inverse function theorem. Determine all
points in R? where the function , f: R?2>R, flx, y):
= (x + y, x¥* + y) is locally invertible. 2+3=5

()

()

(b)

()

()

(5)

Consider a sequence <f >, f Xpp, neyy ¥V 2 1. Find
the pointwise limit f: R—>R of the sequence <f >.
Show further that 2+2=4

lim | £, dm # f (lim £, )dm
n—oo 4 2 n—>0oo

State and prove Lebesgue monotone convergence
theorem. 1+5=6

Let E be a non-empty Lebesgue measurable
subset of R having finite Lebesgue measure. Let
<f > be a uniformly bounded sequence of
Lebesgue measurable functions on E. If

lim_ fn(x) = f(x) for almost all xeE for some

Lebesgue measurable function fon E, show that
5

n—oo

E E

lim fdm=jfdm<+oo

Using Lebesgue dominated convergence
theorem, evaluate 3

2
x2n

rlllirgo 1 dx
=2

xzn

Unit -V

Let f: R—> [-x + o« ] be Lebesgue integrable and
letE :{xeR:f(x)=n}for all neN. Show that

rlli_r)lgo(n,m (En)) =0 4
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(©)

()

(b)

()

()

(b)

(4)
then find m’(A) where

9 5
A ={ x€[0,2]; f(x)e (E’ Z)}
Show that f: R—R is Lebesgue measurable iff f*
(B) is Lebesgue measurable for each Borel Subset
of R. 5

Give an example, with justification, of an
unbounded subset A of R such that m'(A) = 4

3
Let <d_> be a sequence of pairwise disjoint
measurable subsets of R. Show that 5

r.n“( LOOJ En) = im“(En)
r n=1

=1

Define a Lebesgue measurable function. Show

that if f: R—>R is continuous, then fis Lebesgue

measurable. Is the converse true? Justify.
1+2+3=6

Unit - IV

Define f : R—>[0 + «]| be a bounded Lebesgue
measurable function. Show that there exists an
increasing sequence < ¢_> of non-negative simple
measurable funcions on R such that ¢_—f

uniformly in R. 6
4
State and prove Fatou’s lemma. 1+3=4

(3)

4. (a) State and prove chain rule of differentiation in

multivariable calculus. 1+5=6
(b) Consider defined by 2+2=4
1
(x?2+y?) sin (—) when (x,y) # (0,0)
fy):= iy
L o when (x,y) = (0,0)

Examine if f is differentiable at (0, 0). Is f,
continuous at (0, 0)? Justify your answer.

(c) Show that there are points ( x,, y, u, v,) in R*
which satisfy the equation
x-etcosv=0; v-esinx=0
Around any such point, show that there exists a

unique solution (u, v) = ¢ (x, y) satisfying
det [ Do Cx,y)] =— 4
Unit - III

S. (a) Show that B (R), the Borel c-algebra on R is
generated by the class of all closed subsets of R.
5

(b) If g: [0, 2] >R is defined by 4
x2  if 0<x<1
IO =134 if 1<x<2
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