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10. (a)
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(4)

If X |I.I) is a unital Banach algebra with e(#0)

being the unit element, show that ||e|| >1 2
Unit -V

Show that [, is a maximal ideal of the Banach

algebra L 5

If X is a Banach space, show that the Banach

algebra B(X) is semisimple. 5

Let A be a commutative Banach algebra. Let M,
be the set of all ideals of A and £, be the set of all
complex homomorphisms on A. If ¢ (f) = Ker f Vv {
€ £,, then show that ¢ : £, - M, is a one-one,
onto map. 4

Show that every commulative Banach algebra
which is not isometrically isomorphic to the
Banach algebra ¢ has a nonzero proper ideal.4

Let f be a complex homomorphism on a Banach

algebra X. Show that 5

(i) fle)=e

(i) f(x) = O for all x € g (X)

(iii) |f (@) |< 1 for all xe X with | | x| |<1.

Let X be a compact Hausdorff space. Show that

M is a maximal ideal of C(X) if and only if there

exists xe X such that M = {feC(X) : f(x)=0} 5
* % %
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(Answer one question from each unit)
Unit -1
1. (a) Show that every Hilbert space is reflexive. 6

(b) Let (x) and (y,) be sequences in a Hilbert space
H and let x, y € H. Show that if x »>xand y —y,

then <x , y > — <x, y> 3
(c) Let H be a Hilbert space and let TeB(H) be self-
adjoint. Prove that S

ITIl = sup { | (T, x)|:x €Sy}
2. (a) Let H be a Hilbert space and let TeB(H) be a
normal operator. Show that || 72| = || T||?
2+4=6
(b) Show that the set of all s normal operators on a
Hilbert space " is a closed subspace of B(H). 5

() If p:C? - C?isgiven by p (x, y) =(x -y, O) for all
X, Yy > ¢, show that P is a projection. Is it an
orthogonal projection? Justify. 4
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(b)
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()

()

(b)

(2)

Unit - IT

Let X, Y be Banach spaces and let T : X—Y be an
infinite rank compact operator. Show that T (X)
is not closed in Y. 5

Let X, Y be normed linear spaces and let (T ) be a
sequence of bounded linear operators in B (X,
Y). Let T € B(X, Y).

Show that if T, ﬂ) T, then T, ﬂ T- Is the
converse tree? Justify. 2+3=5

Let H, K be Hilbert spaces and let T € B(H, K).
Show that T is compact iff T* is compact. 4

Let X, Y be Banach spaces and let T € B (X, Y).
Show that T :X/KerT—Y defined by

T (x+KerT)=T,Vx €X is a compact opeartor.
4
Let T : I > I? be given by T(x) = (o, x) V x =
(x)el” where (o )el”. Show that T is compact if
and only if (o )el,. Also, find T* : I*> > P°.
5+2=7
Let X and Y be normed linear spaces and let
T : X—>Y be a bounded linear operator. Show that
if dim T(x)<oc, then T is compact. 3

Unit - III

Let H be a non-zero complex Hilbert space and
let TeB(H). Show that o(T) is a non empty compact
subset of C. 7

Let X be an infinite dimensional normed linear
space and let TeB(X) be a finite rank operator.
Show that

Oy (T) = O, (T) = o, (T) = o(T) 7

()

(b)

()

()

(b)

()

(b)

(5)

Let T : I — I? be defined by T(x) = (0, x, x,, ...) VX
=(x,)el’. Find o_(T) , o(T) and o (T). 5

Let H be a non zero complex Hilbert space and
let TeB(H). Show that the spectral radius of T is

1
given by 7, (T) = lim ||T"| /* 6
n—oo

Define numerical range of a bounded linear
operator defind on a complex Hilbert space. Find
the numerical range of T:¢? — ¢2 defined by
T(x, y =(x,0)Vx,yeC 1+2=3

Unit - IV

Let X be an algebra with the unit element e=0
and let (X,|.|) be a Banach space. If the
multiplication is continuous co-ordinatewise,
then show that there exists a norm |||, on X such
that ||.|l, is equivalent to |.|I, (X |.llo) is a Banach
algebra and || e ||, = 1. 7

Let (X,|l.]) be a Unital Banach algebra and let
xeX. If || x || < 1, then show that 1-xis invertible
in X. 3

Define a topological zero divisor in a Banach
algebra. Give an example, with proper
justification of a topological zero divisor in a
Banach algebra. 1+3=4

Let X be a Banach algebra. Show that
Z(X)={xeX:xy=yxVyex} is a Banach sub
algebra of X. S
Show that GL_(C) is dense in the Banach algebra

M (C). Show also that g(/?) is not dense in the
Banach algebra B(?) 4+3=7
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