(b)

9. (a)

(b)

10. (a)

(b)

(4)

Let f be integrable over E. Let A and B are disjoint
measurable subsets of E. Show that

ff=Aff+ij

AUB
Unit-V

Let f be integrable over E and <E_> be a sequence
of disjoint measurable subsets of E whose union

is E. Show that ff=z ff 7
E n=1 En

Assume E has finite measure. Let the sequence
of functions <f > be uniformly integrable over E.
If f —>fpointwise i.e. on [, show that fis integrable
over E. 7

State and prove Vitali’s convergence theorem.
7

Let <f > be a sequence of functions on E that is
uniformly integrable and tight over E. Suppose
f —f pointwise a.e. on E. Show that fis integrable
over E and 7

lim fn=Eff

E
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(Answer one question from each unit)
Unit -1

1. (a) Let <f > be a sequence of functions defined on
[a, b] such that f —f uniformly. Show that f is
continuous in [a, b] S

.= 1
(b) Let f : R> R, Ju )+ = ’x2+ /n for each x e R

and n >1. Show that f —f uniformly in R where
flg=|x| V x € R. )

(c) Let f:|a, b|—> R be bounded and monotonic.
Show that fis Riemann integrable. 4

2. (a) Let <f > be a sequence of Riemann integrable

( Turn Over )



(b)

(c)

()

(b)

()

(b)

()

(2)

functions in [a, b] such that f —f uniformly in
[a, b]. Show that f is also Riemann integrable in

b b
ja, b and Jim [ i dx = | fdx 6

Test for pointwise and uniform convergence of
the sequence < f > where f (x) : = x*V x € [0, 1]
and V n>1 4

Show that every power series represents a
differentiable function within its domain of

convergence. 4
Unit - IT

Show that outer measure of every interval is its

length. 7

Show that the set of all Lebesgue measurable
sets form a c-algebra. 7

Show that if f and g are measurable over a
measurable domain D, then f+g and fg are also

measurable. 7
Show that every Borel subset of R is Lebesgue
measurable. 7

Unit - III

Show that every non-negative measurable
function on a measurable domain E is the

(b)

(b)

()

(b)

()

(3)

pointwise limit of a sequence of simple functions
in [E. 7

State and prove Lebesgue monotone convergence
theorem. 1+6=7

State and prove Fatou’s lemma. 1+6=7

Let ¢ and y be simple measurable functions in a
measurable set E with m(E)<e«c. Show that 7

J}an)+,81,l)=ajﬁ <P+,3L¢

Unit - IV

State and prove Lebesgue dominated
convergence theorem. 1+6=7

Let f be bounded and Riemann integrable over
[a, b]. Show that f is also Lebesgue integrable
over [a, b] and 7

b
f f= ff(x) dx
[a,b] a

Let f be a measurable function in a measurable
set E. Show that |f| is integrable over E iff f* and
f~ are both integrable over E. 7
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